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Ideals on natural numbers

A family K C P(w) is called an ideal if

a) BeKforany BC A €K,
b) AUB € Kforany A, B € K,
¢) Fin = [w]<¥ C K,

d) w¢ K.
Z,J, K are ideals in the following.
K CP(w) Kt =Pw)\K
ACP(w) Al ={ACuw: w\Ac A}

F C P(w) is afilter if 7% is an ideal.
A maximal filter f C P(w) is called an ultrafilter.

Dx C “w is a family of all K-to-one functions.
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Investigated bounding numbers, several authors

b(Z,7,K) = min{|A| : AC Dy, (Ya € Ds)(36 € A) a £1 #)
= b(D}C,DJ, ZZ)

bw(Z,J,K) =min{|A|: AC Dk, Va € Dy)Vo € D1)(3B € A) a L7 o B}
= b(DK;,'DJ X Dz,Ro 0oL >71 Rl)

AK,Z) =min{|A] : AC Dy, (Vp € “w)(IB € A) id L1 0 B}

b(Dxc,“w,RoL >7 id)
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a) forevery f,, € Cp(X) such that f, — 0O,

(X) of a topological space X is a [I'o, Qg]-space if
)

b) thereis ¢ € “w,
)
)

c) thereis g; € [0, +o0) such that e, — 0,
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C,p(X) of a topological space X is a [T'o, Qq|"-space if
(a) forevery f,, € Cp(X) such that f,, — O,
(c) thereis e, € [0, 400) such that e, — 0,
) |fn(z)| < en for all but finitely many n in every z € X.
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Critical cardinality

non(Property) is the least x such that

> if X is a perfectly normal topological space of size less than « then C,(X) pos-
sesses Property,

> there is a perfectly normal topological space X of size « such that C,,(X') does not
possess Property.

non([gg]) = non([gg]id) =b



wQN-space and QN-space

CP
a) for every f, € Cp(X) such that f,, — 0,

(X)is a [Co, Qql-space if
)

b) thereis ¢ € “w,
)
)

c) thereis e, € [0, +0o0) such that ;. — 0,
d) (k) ()| < e for all but finitely many k in every z € X.

—
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wQN-space and QN-space

CP
a) forevery fn, € Cp(X) suchthat {n: |f,.(x)| > e} € Finforevery e > 0,

(X)is a [Co, Qql-space if
)

b) thereis ¢ € “w,
)
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c) thereis e € [0, +00) such that {k : ¢, > ¢} € Fin for every e > 0,
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Cp(X) is a[To, Qul'-space if

(a) forevery fn, € Cp(X) such that {n: |fn.(z)| > e} € Fin for every e > 0,
(c) thereis e, € [0, +00) such that {n : &, > ¢} € Finfor every e > 0,

(d) {n: |fa(x)| >en} € Finineveryz € X.
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> R. Filipéw and M. Staniszewski, 2014

| nicnzeter || (n: @izt e |

Just 7 C 7 implies Z-pointwise convergence.
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y {(n: |fu(z)] > ¢} € Fin

{n:e,>eler H {k: foy(@)| >ex} el '

non([rg%o]) =min({ct}U{|S|: & C “Fin A

(VB € [w]¥)(V{Dn: new}ePs)(3se€S) U (Dn megl[s(n)]) €zIt)).

new
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Investigated bounding numbers, several authors

6(Z,7,K) = min {|A| : AC Dy, (Va € D7)(38 € A) a £1 B}
=b(Dk,Dg,>1)
id

= non( [I’;F(go] )

bu(Z,7,K) = min {|A| : AC Dy, (Va € Dy)(Ve € Dz)(3I € A) a £1 0 B}

=b(Dx,Dg X Dz,R20L >7 R1)
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Application

[og] 3] [27.8) — [222,]

Qo Z-Qp IF-Qq I7-Qo
id id id
[’ (9, — 1 [z1%,)
(o] o] [Trgy] ——|— 23]
~ id a id
2 (e ]



Properties and their critical cardinalities

] e o) (225,
b br by (Z, Fin, Fin) by (Z, Z, Fin)
b ” ”
id id id
e Lo 1 i
b b(Z, Fin, Fin) b(Z, Z, Fin)
["a] [Z.6}] B A [77:5,)
min{b, cov*(Z)} XNZ,T) by (Z,Fin, ) bw(Z,Z,7)
” ”
[I‘Fo ]id [ I-To }id
TF-Qg T7-Qo

b(Z, Fin, T) b(Z,Z,T)
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/ /

b ———— b(Z, Fin, Fin) —— b(Z, Z, Fin)

p ——— min{b, cov*(Z)} — N(Z,Z) ——| bw(Z,Fin,Z) —

/

bw(Z, Fin, Fin) — by (Z, Z, Fin)

/

> bw(Z,Z,T)

/

b(Z, Fin, T) — b(Z,Z,T)

Proposition

(1) min{cov*(Z), bw(Z, Fin, Fin)} < by(Z, Fin, T).
(2) min{cov*(Z),bw(Z,Z,Fin)} < bw(Z,Z,T).

(8) min{cov*(Z), bw(Z,Z,Fin)} < b.

(4) min{cov*(Z),bw(Z,Z,7)} < min{cov*(Z),b}.
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/

b ——— b(DEin, >7) — b(Z, Z, Fin)

0

/

bz

/
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Theorem (M. Canjar 1989)

/
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/
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/
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There is U such that by, = b(Dgpn, >1) = c£(0).
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Sample values

R. Filipow and A. Kwela, 2019

T b(Z,Fin,Z) b(Z,Z,Z) b(Z,Fin,Fin) b(Z,Z,Fin)
Fin x Fin 1 b b +oo
ED 1 Ny b b
conv 1 Ny b ?
Z b b b b

V. Sottova and J.S., 2019

T cov*(Z)  A(Z,Fin) \Z,T)
Fin x Fin b b b
ED non(M) b b
conv c b b
nwd cov(M) add(M) add(M)Ob
cov*(Z) =p p p pObz
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Ideal versions of wQN-space and QN-space

Let X be a topological space.

K-T'o, ZT-Qq, Z-Qy, is the family of all IC-convergent sequences of continuous
functions to 0, Z.7QN-convergent sequences of continuous functions to 0 and
sZQN-convergent sequences of continuous functions to 0, respectively.

Ris IJ-Qq or I-Qg

> Cp(X)isa[K-T'o, R]-space if for every (fn : n € w) € K-T'g there is
(nm : m € w) suchthat (fr,, : m €w) € R.

Jc1

> Cp(X)isa[K-To,ZJ-Q)-space if K-To C ZJ-Qq.



