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Ideals on natural numbers

A family K ⊆ P(ω) is called an ideal if

a) B ∈ K for any B ⊆ A ∈ K,

b) A ∪B ∈ K for any A,B ∈ K,

c) Fin = [ω]<ω ⊆ K,

d) ω 6∈ K.

I, J , K are ideals in the following.

K ⊆ P(ω) K+ = P(ω) \ K

A ⊆ P(ω) Ad = {A ⊆ ω : ω \A ∈ A}

F ⊆ P(ω) is a filter if Fd is an ideal.

A maximal filter U ⊆ P(ω) is called an ultrafilter.

DK ⊆ ωω is a family of all K-to-one functions.



Investigated bounding numbers, several authors

b(I,J ,K) = min {|A| : A ⊆ DK, (∀α ∈ DJ )(∃β ∈ A) α 6≤I β}

= b(DK,DJ ,≥I)

bw(I,J ,K) = min {|A| : A ⊆ DK, (∀α ∈ DJ )(∀ϕ ∈ DI)(∃β ∈ A) α 6≤I ϕ ◦ β}

= b(DK,DJ ×DI , R2 ◦ L ≥I R1)

λ(K, I) = min {|A| : A ⊆ DK, (∀ϕ ∈ ωω)(∃β ∈ A) id 6≤I ϕ ◦ β}

= b(DK, ωω, R ◦ L ≥I id)
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wQN-space and QN-space

Cp(X) of a topological space X is a [Γ0,Q0]-space if

(a) for every fn ∈ Cp(X) such that fn → 0,

(b) there is ϕ ∈ ωω,

(c) there is εk ∈ [0,+∞) such that εk → 0,

(d) |fϕ(k)(x)| < εk for all but finitely many k in every x ∈ X.

(a) pointwise convergence, (c)+(d) quasi-normal convergence

Cp(X) of a topological space X is a [Γ0,Q0]id-space if

(a) for every fn ∈ Cp(X) such that fn → 0,

(c) there is εn ∈ [0,+∞) such that εn → 0,

(d) |fn(x)| < εn for all but finitely many n in every x ∈ X.
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Critical cardinality

non(Property) is the least κ such that

I if X is a perfectly normal topological space of size less than κ then Cp(X) pos-
sesses Property,

I there is a perfectly normal topological space X of size κ such that Cp(X) does not
possess Property.

non(
[Γ0

Q0

]
) = non(

[Γ0
Q0

]id
) = b



wQN-space and QN-space
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wQN-space and QN-space

Cp(X) is a [Γ0,Q0]-space if
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(d)
{
k : |fϕ(k)(x)| ≥ εk
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∈ Fin in every x ∈ X.

Cp(X) is a [Γ0,Q0]id-space if

(a) for every fn ∈ Cp(X) such that {n : |fn(x)| ≥ ε} ∈ Fin for every ε > 0,
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A difficult road to ideal wQN-space and QN-space

I R. Filipów and P. Szuca, 2012

(c) {n : εn ≥ ε} ∈ Fin (d) {k : |fn(x)| ≥ εn} ∈ I

Baire Hierarchy

I P. Das and D. Chandra, 2013

{n : |fn(x)| ≥ ε} ∈ Fin {n : εn ≥ ε} ∈ I
{
k : |fϕ(k)(x)| ≥ εk

}
∈ I

{n : |fn(x)| ≥ ε} ∈ Fin {n : εn ≥ ε} ∈ I {n : |fn(x)| ≥ εn} ∈ I

I R. Filipów and M. Staniszewski, 2014

{n : εn ≥ ε} ∈ I {n : |fn(x)| ≥ εn} ∈ J

Just J ⊆ I implies I-pointwise convergence.
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A difficult road to ideal wQN-space and QN-space

I R. Filipów and M. Staniszewski, 2015

{n : |fn(x)| ≥ ε} ∈ I {n : εn ≥ ε} ∈ J {n : |fn(x)| ≥ εn} ∈ I

Theorem
If W(I,J ) does not hold, then any topological space is an [I-Γ0, IJ -Q0]id-space.

non(
[ I-Γ0
IJ -Q0

]id
) = min({c+} ∪{

|S| : S ⊆ ωIm.d. ∧ (∀ {An : n ∈ ω} ∈ PJ )(∃s ∈ S)
⋃

n∈ω
(An ∩

⋃
i≤n

s(i)) ∈ I+

}
).
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A difficult road to ideal wQN-space and QN-space

I J.Š., 2016

{n : |fn(x)| ≥ ε} ∈ K {n : εn ≥ ε} ∈ I {n : |fn(x)| ≥ εn} ∈ I

Theorem
If I is not a weak P(K)-ideal then any topological space is a [K-Γ0, II-Q0]id-space.

Corollary
Let U be an ultrafilter which is not a P-point. Then any topological space is
a [Γ0,UU -Q0]id-space.

non(
[ K-Γ0
II-Q0

]id
) = min({c+} ∪{

|S| : S ⊆ ωK ∧ (∀ {An : n ∈ ω} ∈ PI)(∃s ∈ S)
⋃

n∈ω
(An ∩ s(n)) ∈ I+

}
).
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A difficult road to ideal wQN-space and QN-space

I L. Bukovský, P. Das and J.Š., 2017

{n : |fn(x)| ≥ ε} ∈ K
{
k : |fϕ(k)(x)| ≥ 2−k

}
∈ I

selection principles

I M. Staniszewski, 2017

{n : |fn(x)| ≥ ε} ∈ K {n : εn ≥ ε} ∈ J {n : |fn(x)| ≥ εn} ∈ I

non(
[ K-Γ0
IJ -Q0

]id
) = min({c+} ∪{

|S| : S ⊆ ωKm.d. ∧ (∀ {An : n ∈ ω} ∈ PJ )(∃s ∈ S)
⋃

n∈ω
(An ∩

⋃
i≤n

s(i)) ∈ I+

}
).

I A. Kwela, 2018

{n : |fn(x)| ≥ ε} ∈ Fin {n : εn ≥ ε} ∈ I
{
k : |fϕ(k)(x)| ≥ εk

}
∈ I

non(
[ Γ0
II-Q0

]
) = min({c+} ∪ {|S| : S ⊆ ωFin ∧

(∀B ∈ [ω]ω)(∀ {Dn : n ∈ ω} ∈ PJ )(∃s ∈ S)
⋃

n∈ω
(Dn ∩ e−1

B [s(n)]) ∈ I+}).



A difficult road to ideal wQN-space and QN-space
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A difficult road to ideal wQN-space and QN-space

I V. Šottová and J.Š., 2019

{n : |fn(x)| ≥ ε} ∈ K
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k : |fϕ(k)(x)| ≥ 2−k

}
∈ I

non(
[K-Γ0

I-Qs
0

]
) = min

{
|S| : S ⊆ ωK, (∀ϕ ∈ DI)(∃s ∈ S) {n : ϕ(n) ∈ s(n)} ∈ I+

}

I R. Filipów and A. Kwela, M. Repický, 2019
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non(
[K-Γ0

I-Qs
0

]
) = min {|A| : A ⊆ DK, (∀ϕ ∈ DI)(∃β ∈ A) id 6≤I ϕ ◦ β}



A difficult road to ideal wQN-space and QN-space
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{n : |fn(x)| ≥ ε} ∈ K
{
k : |fϕ(k)(x)| ≥ 2−k

}
∈ I

non(
[K-Γ0

I-Qs
0

]
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{
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Investigated bounding numbers, several authors

b(I,J ,K) = min {|A| : A ⊆ DK, (∀α ∈ DJ )(∃β ∈ A) α 6≤I β}

= b(DK,DJ ,≥I)

= non(
[ K-Γ0

IJ -Q0

]id
)

bw(I,J ,K) = min {|A| : A ⊆ DK, (∀α ∈ DJ )(∀ϕ ∈ DI)(∃β ∈ A) α 6≤I ϕ ◦ β}

= b(DK,DJ ×DI , R2 ◦ L ≥I R1)

= non(
[ K-Γ0

IJ -Q0

]
)

λ(K, I) = min {|A| : A ⊆ DK, (∀ϕ ∈ DI)(∃β ∈ A) id 6≤I ϕ ◦ β}

= b(DK,DI , R ◦ L ≥I id)

= non(
[K-Γ0

I-Qs
0

]
)



Application

[I-Γ0
I-Qs

0

] [ I-Γ0
IF-Q0

] [ I-Γ0
II-Q0

]

[ Γ0
IF-Q0

] [ Γ0
II-Q0

][ Γ0
I-Qs

0

][Γ0
Q0

]

[I-Γ0
Q0

]

[Γ0
Q0

]id

[ I-Γ0
IF-Q0

]id [ I-Γ0
II-Q0

]id

[ Γ0
IF-Q0

]id [ Γ0
II-Q0

]id



Properties and their critical cardinalities

[I-Γ0
I-Qs

0

]
λ(I, I)

[ I-Γ0
IF-Q0

]
bw(I, Fin, I)

[ I-Γ0
II-Q0

]
bw(I, I, I)

[ Γ0
IF-Q0

]
bw(I, Fin, Fin)

[ Γ0
II-Q0

]
bw(I, I, Fin)

[ Γ0
I-Qs

0

]
bI

[Γ0
Q0

]
b

[I-Γ0
Q0

]
min{b, cov∗(I)}

[Γ0
Q0

]id
b

[ I-Γ0
IF-Q0

]id
b(I, Fin, I)

[ I-Γ0
II-Q0

]id
b(I, I, I)

[ Γ0
IF-Q0

]id
b(I, Fin, Fin)

[ Γ0
II-Q0

]id
b(I, I, Fin)



Critical cardinalities

λ(I, I) bw(I, Fin, I) bw(I, I, I)

bw(I, Fin, Fin) bw(I, I, Fin)bI

min{b, cov∗(I)}p

d

b

b(I, Fin, I) b(I, I, I)

b(I, Fin, Fin) b(I, I, Fin)

Proposition
(1) min{cov∗(I), bw(I, Fin, Fin)} ≤ bw(I, Fin, I).

(2) min{cov∗(I), bw(I, I, Fin)} ≤ bw(I, I, I).

(3) min{cov∗(I), bw(I, I, Fin)} ≤ b.

(4) min{cov∗(I), bw(I, I, I)} ≤ min{cov∗(I), b}.
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Different values 1

λ(I, I) bw(I, Fin, I) bw(I, I, I)

bw(I, Fin, Fin) bw(I, I, Fin)bI

min{b, cov∗(I)}p

d

b

b(I, Fin, I) b(I, I, I)

b(DFin,≥I) b(I, I, Fin)

Theorem (M. Canjar 1989)
There is U such that bU = b(DFin,≥U ) = cf(d).
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λ(I, I) bw(I, Fin, I) bw(I, I, I)

bw(I, Fin, Fin) bw(I, I, Fin)bI

min{b, cov∗(I)}p

d

b

b(I, Fin, I) b(I, I, I)

b(DFin,≥I) b(I, I, Fin)

Theorem (M. Canjar 1989)
There is U such that bU = b(DFin,≥U ) = cf(d).



Different values 2

λ(I, I) bw(I, Fin, I) bw(I, I, I)

bw(I, Fin, Fin) bw(I, I, Fin)bI

min{b, cov∗(I)}p

d

b

b(I, Fin, I) b(I, I, I)

b(DFin,≥I) b(I, I, Fin)

Theorem (M. Canjar 1982, 1988)
In the model obtained by adding λ Cohen reals to a model of CH there exists, for each
pair of uncountable regular cardinals κ, κ′ ≤ λ, an ultrafilter U such that bU = κ and
b(DFin,≥U ) = κ′.



Different values 3

λ(I, I) bw(I, Fin, I) bw(I, I, I)

bw(I, Fin, Fin) bw(I, I, Fin)bI

min{b, cov∗(I)}p

d

b

b(I, Fin, I) b(DI ,≥I)

b(DFin,≥I) b(I, I, Fin)

Theorem (M. Canjar 1988)
In the model obtained by adding λ Cohen reals to a model of CH there exists, for each
pair of uncountable regular cardinals κ, κ′ ≤ λ, an ultrafilter U such that bU = κ and
b(DU ,≥U ) = κ′.
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Sample values

R. Filipów and A. Kwela, 2019

I b(I, Fin, I) b(I, I, I) b(I, Fin, Fin) b(I, I, Fin)

Fin× Fin 1 b b +∞

ED 1 ℵ1 b b

conv 1 ℵ1 b ?

Z b b b b

V. Šottová and J.Š., 2019

I cov∗(I) λ(I, Fin) λ(I, I)

Fin× Fin b b b

ED non(M) b b

conv c b b

nwd cov(M) add(M) add(M)�b

cov∗(I) = p p p p�bI
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Thanks for Your attention!



Ideal versions of wQN-space and QN-space

Let X be a topological space.

K-Γ0, IJ -Q0, I-Qs
0, is the family of all K-convergent sequences of continuous

functions to 0, IJQN-convergent sequences of continuous functions to 0 and
sIQN-convergent sequences of continuous functions to 0, respectively.

R is IJ -Q0 or I-Qs
0

I Cp(X) is a [K-Γ0,R]-space if for every 〈fn : n ∈ ω〉 ∈ K-Γ0 there is
〈nm : m ∈ ω〉 such that 〈fnm : m ∈ ω〉 ∈ R.

J ⊆ I

I Cp(X) is a [K-Γ0, IJ -Q0]id-space if K-Γ0 ⊆ IJ -Q0.


