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Preliminaries



Some systems

NK~ is a modal logic over Nelson’s N4
i) S. Odintsov, H. Wansing, 2004;
ii) the language is A, V, ~, —;, 0, O;
iii) a number of extensions with different “semantic dualities”.

KN4 is a modal logic with strong classical implication =
i) L. Goble, 2006;
ii) the language is A, V, ~, =, ;
ii) Hilbert-style axiom system with infinite set of rules schemata.



Some systems

Kige is an FDE-based version of K
i) G. Priest, 2008;
ii) the language is A, Vv, ~, 0 (no conditionals!);
i) intended to be the minimal extension of FDE with [J;

MBL is the modal bilattice logic

) A.Jung, U. Rivieccio, 2013;

ii) the languageis A,V,®,®, T, F,N, B, —¢,;
)

)

iii) a modal extension of billatice logic;

iv) a very unorthodox modality.



Some systems

BK is a Belnapian version of K
i) S. Odintsov, H. Wansing, 2010;
ii) the language is A, Vv, ~, F,0, 0;
ii) an extension of Ky with classical implication —¢, F and ¢.

BKFS is a Fischer Servi style Belnapian modal logic
i) S. Odintsov, H. Wansing, 2017;
ii) the language is A, V, ~, —¢, F, 0, 0;
iii) motivated by the standard translation into first-order language.



To summarize

These systems

» arise from different motivations;

v

have different non-modal languages;

v

different styles of axiomatics;
different styles of semantics;
yet...

have veeeery similar modalities;

vV v v v

extend first-degree entailment FDE.



First-degree entailment



FDE

A. Anderson, N. Belnap (1962) Tautological entailments

Axioms
al. o NYF a2. o AN
as. ok Vi ad. YoV,

a5. o AWV X)E(eAY)Vx; @b -~

Rules
o) U YvEx . ebx vEx . xko YF |

prv ’ (pVy)bx XF (@ AY)



Belnapian interpretation

Consider classical truth values t and f.
From v(p)e{t,f} to V(p)C{t,f}.

Compute classically all combinations:

teV(pny) <= te V(p)and t e V(v);
feV(pAny)<= te V(p)orte V()
te VipVvy) <= fe V(p)orfe V()
feV(ipVvy)<= fe V(p)andfe V(y);
te Vi~p) << fe V(p)
feV(ivp) = te V(p).

Put
(pl—FDE’l/J <~ VV(I' € V(QO) =t e V(l/J))



Some remarks

We consider FDE as a system in the langauge {A, V,~} as
opposed to a system with implication but no nesting.

This way FDE does not have theorems, hence formula-formula
sequents.

Gives rise to a four-valued modal framework.

FDE has an alternative characterization with contraposition as
a rule of inference:
ek
~Y v



A classification of FDE-based modal logics



Four-valued framework

A. Bochman (1998) Biconsequence relations

“Due to the correspondence between four-valued inter-
pretations and their bicomponent representation, any
four-valued connective §(As, . . ., Ap) can always be de-
termined by a pair of conditions describing, respec-
tively, when it is true and when it is false”.

Takeaway: adding a connective involves explaining it in two
contexts.



Typical modalities

i, X BT o is for “p is asserted at a world x of model p”.

1, X E~ s for “p is rejected at a world x of model p.”.

Validity clauses:

37) w,xE Op <= Jy(xRyyand u,y E~ ¢);

I u,xET Qp <= Ty

(
(
( xRyy and 1,y E ¢);
(

Remark: there are four accessibility relations involved.

V) pu,xETOp <= Vy (xRly implies u, y ET ¢);
(
)

)
(
V) u,xET Qp <= Vy (xR, yimplies u,y =~ ¢).




Some notes

Typical modal operators can be distinguished by which of four
accessibility relation coincide.

Example: three out of four coincide for BK™S; all four do for BK.

The are four different modal behaviors conflated into two modal
operators.

We can consider them as characterizing four different partially
defined modal operators.



Two conditions of a modality

Consider the assertion condition

(V") p,xETOp < Vy(xRiy implies u,y £ ¢);

Q. How can we define the rejection condition for this operator?
A. Delegate to the valuations.

Now, this is a well-defined connective:

(V") wxETOp < Vy(xRhy implies u,y E* ¢);
(7)) pxE Op <= x v (Qy).



Four basic modal operators

A V" -operator has satisfaction clauses

(V") wu,xETVrp < Vy(xRJyimplies u,y ET )
(7)) u,XE Vip <= xev (VTy).

A 4~ -operator has satisfaction clauses

(") wxETI p <= xecvt(@T o)

(37) mxFE 3o = Jy(xRyyand p,y F~ o).




Four basic modal operators

A J7 -operator has satisfaction clauses

@) pxEtITp «— Jy(xRiyand p,y ET @)
(7)) wxE Tt = xcv (FTyp).

AV~ -operator has satisfaction clauses

(@7)
(V)

XETY o = x v (V p);

wXET Vo < Vy (xR, yimplies u,y E~ ¢).




Some results

An extension FDEP of FDE with four basic modalities is
characterized.

Can accommodate fu/l modalities:
full necessity O is a V*- and 3~ -operator;
full possibility ¢ is a 3*- and vV~ -operator.

A number of non-modal operators is added to it, including
some conditionals: —;, =i, —¢, =c¢;
bilattice operators: ®, ®, F, T, N, B.

Some correspondence theory to express when accessibility
relations coincide.



Algebraizable FDE-based modal logics



Algebraizability

W.J. Blok, D. Pigozzi (1989) Algebraizable logics

Theorem

L is algebraizable iff

there are equivalence formulas A(p, q) and

there are defining equations 6(p) = ¢(p) such that:
FLA(p, 90);

) A(p, ) FLA(Y, 9);

iii) A, ), A(m) FLA(e, x);

V) A Api i) FL A1, en) F(W1, - Yn));

V) @ A A(3(p), €(©))-



The system

For algebraizability we need
i) some implication: we start with intuitionistic —;
ii) “congruential” modality O.

The language is

L9 = {A,V,—,O,~}.

The system FDEC is obtained by adding to FDE .
w = ~p -~

Op 4 Oy ~Oed~0Ov



Algebraizability

Theorem

FDEQ is algebraizable with defining equation p = p — p and
equivalence formulap < q := (p + Q) A (~p < ~Q).

Some options:

i) we can take classical or connexive implication instead;

ii) can extend with a number of non-modal operators including L
and bilattice operators;

iii) we can extend O to be a basic modality or a full modality.

Q: how do we get to corresponding algebras?

A: start with twist-structures.



Twist-structures



Outline

Suitable for systems with strong negation including
systems that contain FDE as a subsystem

The name comes from

M. Kracht (1996) On extensions of intermediate logics by
strong negation

The idea
is to put a twist on how operation over the direct square of
some algebra are defined.

An early example of the construction is
J.A. Kalman (1959) Lattices with involution



Twist-structure

A= (AN V,—, O, O7) is an implicative 2op-lattice if
i) (A/A,V,—)is animplicative lattice;
i) OT and O~ are arbitrary unary operations.

A full twist-structure over Ais A~ = (A x A, A, V, =, O, ~):

(a,b) A(c,d) = (anc,bVvd);
(a,b)V(c,d) = (ave,bAad);
(a,b) — (c,d) = (a—c,and);
O(a,b) = (O"a O™ b);
~(a,b) = (b a).

A twist-structure over 2 is a subalgebra 9% of 2™ such that

m(B)={a|3b: (a,b) e B} =A.



Lindenbaum-Tarski with a twist

Put Acpco = (Arpec, AV, =, OF,O7), where

AFDEQ

[¢]
[e] * [¥]
oM
O~ l¢]

{[¢] | ¢ € Form LY},
Wle _“_FDEQ ¥}
[pxy],  xe{AnVv,—}
[O¢];

[~ O ~¢l;.

Then 2 o is an implicative 2op-lattice.

Put Brpeo = (Brpeos AV, =, O, ~), where

BFDEQ = {([¢], [~¢]) | ¢ € Form 9}

Thenis B,-o a twist-structure over 2o .



Completeness

Theorem

MFepeo A = FI:?DEQ A — Fh%FDEQ A,

where h?‘DEo is the consequence relation of the class of all
twist-structures.

Remark: this works even if we omit implication.

Moreover, let B be a twist-structure over 2[. Then

i) if O is a Vvt-operator in 3B, then O is a (J-operator in 2;
) if O is a 3" -operator in B, then O is a {-operator in 2;
) if O is a V™~ -operator in B, then (O~ is a J-operator in 2;
) if O is a 3~ -operator in 9B, then O~ is a {-operator in 2A.



Finally, algebras

Put
a=<biff(a—b)—(a— b)=a— b;
a~biffa<band b= a.

A= (AN V,—,O,~) is an FDEQ -/attice if

i) (A, A, V) is adistributive lattice;

i) ~(avb)=~aA~b,a=~~a,~(a— b)=an~b;
iii) <is a preordering on 2I;
iv) = is a congruence w.r.t. A, V, =, O and ~ () ~ and

v) (AN V,—,O,~ (O ~)/ ~is an implicative 2op-lattice;

a<biffa<band ~b =< ~a.

)
)
)
)
)
)

'

VFPES s the class of all FDEC-lattices.



Main results

Theorem
Every FDEQ-lattice is isomorphic to a twist-structure.

Theorem

VFPES forms an equivalent algebraic semantics for FDEC with
defining equation p =~ p — p and
equivalence formulap < q = (p + Q) A (~p < ~Q).

Theorem
VFPEY s a variety.

Remark: these results can be expanded in a number of ways.



Neighbourhood semantics



Preliminaries

For a partially ordered set (W, <) put
Up (W) ={X|Vx(x € Xand x <y implies y € X)}.

A neighbourhood function on (W, <) is N : W — 2Up (W)

An FDES -n-frame is W = (W, <, N&, N), where
i) (W, <) is a partially ordered set;
i) N&, N5 are neighbourhood functions on (W, <).

An FDEQ -n-model is = (W, v+, v™), where
) W= (W,<,N5,Ng) is an FDES-n-frame;
i) valuations v, v— map p. variables to elements of Up (W).



Semantic consequence

Define inductively [¢]* and [¢] :

[p]" =v'(p); I~ =v(p)

[p AT = [p]" N[l [p Al ™= [e]~ U]

[p vVyl® =[p]" U] [p Vo™= el N[l

[p = ylt={x [ xnel" XN} [eAy]™=[e]" Y]

[~el™ = 1[e] [~el™ = 1ol

[O¢l™ = {x|l¢]" € NS()} [O¢l™ = {x|lel” € No(x)}:

where X :={y | x < y}.

Ik, A iff for every FDES-n-model 1

A e ey (W] ¥ € A}



Completeness

Theorem
Mppeo AdffTE, Aforany T, A.

The method is the usual canonical model method; there is
more than one canonical model.
W, is the set of all prime theories, [¢]. ={l € W, | p € T},

INS(T) = {[¢]c | Op €T}
gNS(M) = {X € Up(WL) | Vo (X = [¢]t = Op e}

Ng is a canonical neighbourhood function iff
v e W, : /Na(l') - Na(l') C gNa(F).

And similarly for NC_)'



Correspondence theory

Monotonicity rule ¢ + 1/ O ¢+ O corresponds to
XeNi(x)and X CY = Y e N5(x).
Monotonicity rule ~p 't ~/~ (O ¢+ ~ (O 1 corresponds to

XeNg(x)and X C Y = Y e No(x).

Remark: we restrict canonical neighbourhood functions to

NA(T) = {X € Up(W.) | 3Y € X : Y € INS5(N;

N5 (M) = {X € Up(WL) | 3Y € X : Y € IN5(N)}.



Correspondence theory

Over systems containing monotonicity rules:

Axioms of V" -operator correspond to

1. YxeW: Ngg(x);zé@;
2. XeNi(x)and Y e Ni(x) = XnYeN5(X).

Axioms of 3" -operator correspond to

1. Wxe W: Ni(x) # Up(W);
2. XUYeN5(X) = XeNi(x)orYeN5(x).



Correspondence theory

Over systems containing monotonicity rules:

Axioms of V'~ -operator correspond to

1. Vxe W: Ng(x) # &
2. XeNgy(x)and Y e No(x) = XNYeN(X).

Axioms of 4~ -operator correspond to

1. Vxe W: No(x) # Up(W);
2. XUYeNS(X) = XeNgy(x)orY e Ny(x).



Thank you!
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