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Context
Metastability

Proof mining

Proof mining is a research program that analyzes none�ective

proofs in order to obtain new quantitative information using

techniques from Proof Theory.

 U. Kohlenbach: monotone functional interpretation (1996)

 General Logic Metatheorems (2003-05)

 F. Ferreira and P. Oliva: bounded functional interpretation (2005)
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Metastability

Metastability

We will look at Cauchy sequences punq, i.e.

@k P NDn P N@i , j ¥ n

�
}ui � uj} ¤

1

k � 1



In general, it is not possible to guarantee a (computable) bound for

n in terms of k .

Instead we turn to the "metastable" version,

@k P N@f P NNDn P N@i , j P rn, f pnqs
�
}ui � uj} ¤

1

k � 1



,

for which we will be able to extract a bound φ : N� NN Ñ N such

that

@k P N@f P NNDn ¤ φpk, f q@i , j P rn, f pnqs

�
}ui � uj} ¤

1

k � 1



.
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Projection argument
Weak seq. compactness
Quantitative results

A theorem by F.E. Browder

Consider X a Hilbert space and a mapping T : X Ñ X . We say

that T is nonexpansive if @x , y P X p}T pxq � T pyq} ¤ }x � y}q.

Theorem (Browder, 1967)

Let C be a closed, bounded, convex subset of X , u0 a point in C
and T : C Ñ C a nonexpansive mapping. For each n P N consider

the strict contraction de�ned by Tnpxq :� 1
n�1

u0 � p1� 1
n�1

qT pxq
and let un be its unique �xed point.

Then punq converges strongly to a �xed point of T , the closest to

u0.
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The projection argument

We denote F :� FixpT q :� tx P C : T pxq � xu.
A central point in Browder's original proof is a projection argument:

Dx P F@y P F p}u0 � x} ¤ }u0 � y}q .

Kohlenbach remarked that the following already su�ces

@k P NDx P F@y P F

�
}u0 � x} ¤ }u0 � y} �

1

k � 1



.

With b ¥ diampC q and r :� bpk � 1q, we get for all k P N and all

f : NÑ N monotone, there are n ¤ f prqp0q and x P C such that

}T pxq � x} ¤
1

f pnq � 1
and

@y P C

�
}T pyq � y} ¤

1

n � 1
Ñ }u0 � x} ¤ }u0 � y} �

1

k � 1



.
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The next troublesome step in Browder's proof is a weak sequential

compactness argument.

Weak seq. compactness (and the demiclosedness principle) is used

to show:

lim sup xPF pu0q � u0,PF pu0q � uny ¤ 0, i.e.

@k P NDn P N@m ¥ n

�
xPF pu0q � u0,PF pu0q � umy ¤

1

k � 1



.

We don't have access to PF pu0q. Instead we want to show

@k P NDx P FDn P N@m ¥ n

�
xx � u0, x � umy ¤

1

k � 1



.

This statement can be shown without invoking weak sequential

compactness and using instead a collection argument characteristic

of the bounded functional interpretation (or UB in the context of

the monotone functional interpretation).
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Theorem (Ferreira-Leu³tean-Pinto, 2019)

(On a formal system T �
M) Consider ϕ : X � X Ñ R, T : X Ñ X

and punq a sequence of elements of X such that dpT punq, unq Ñ 0.

If @k P NDx P F@y P F
�
ϕpx , xq ¤ ϕpx , yq � 1

k�1

	
, then

@k P NDx P FDn P N@m ¥ n
�
ϕpx , xq ¤ ϕpx , umq �

1
k�1

	
.

E.g., for Browder, ϕpx , yq � xu0 � x , yy.

In the end, the quantitative �nal version, this collection argument

disappears � the idea is similarly to that of Harvey Friedman's

conservation result of WKL0 over RCA0.
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Suppose the existence of monotone functions α and β satisfying:

(a) @k P N @̃f : NÑ N DN ¤ αpk , f q

@n P rN, f pNqs pdpun,T punqq ¤
1

k � 1
q;

(b) @k P N @̃f : NÑ N DN ¤ βpk , f q Dx P X�
dpx ,T pxqq ¤

1

f pNq � 1
^ @y P X�

dpy ,T pyqq ¤
1

N � 1
Ñ ϕpx , xq ¤ ϕpx , yq �

1

k � 1

�	
.

Then @k P N @̃f : NÑ N DN ¤ ψpk, f q Dx P X

dpx ,T pxqq ¤
1

f pNq � 1
^@n P rN, f pNqs pϕpx , xq ¤ ϕpx , unq�

1

k � 1
q,

where ψpk, f q :� α
�
βpk , rf q, f �, with rf pmq :� f

�
αpm, f q

�
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Theorem (Quantitative Browder)

Under the conditions of Browder's theorem, let b P N be an upper

bound on the diameter of C . Then, for all k P N and every

monotone function f : NÑ N,

DN ¤ φbpk, f q@i , j P rN, f pNqs

�
}ui � uj} ¤

1

k � 1



,

where φbpk, f q :� 12b2phpRqp0q � 1q2 � b,
with R :� 64b4pk � 1q4 and

hpmq :� maxt8bpf p12b2pm�1q2�bq�1qpk�1q2�1; 12bpm�1q2u.

The extracted bound does not depend on the Hilbert space X
neither on the map T . The dependency on C is only in the form of

a bound b for its diameter.
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A theorem by H. Bauschke

Let X be a real Hilbert space and C � X is a nonempty, closed,

convex and bounded subset. Let T0, � � � , T`�1 : C Ñ C be ` ¥ 1

nonexpansive mappings.

For any n P N, de�ne the maps

Un :� Tnmod `.

and assume

F :�
£

i¤`�1

FixpUi q � FixpU`�1 � � �U1U0q �

� FixpU0U`�1 � � �U1q �

� � � � � FixpU`�2 � � �U0U`�1q � H.
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Consider a sequence pxnq de�ned by:

x0 P C , xn�1 :� λn�1x0�p1�λn�1qUn�1pxnq with pλnq � r0, 1s.

Theorem (Bauschke, 1996)

Under the previous hypothesis, if pλnq �s0, 1r satis�es:

1. lim
n
λn � 0; 2.

¸
n

pλnq � �8; 3.
¸
n

|λn � λn�`|   �8;

then the sequence pxnq strongly converges to PF px0q.

This result extends the well-known convergence result by Wittmann

(` � 1).
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Quantitative Bauschke: conditions

For a quantitative version of the condition on the set of common

�xed points, we ask for a monotone function τ : NÑ N satisfying

@k P N@m P N@u P C

}u � Um�` � � �Um�1puq} ¤
1

τpkq � 1
Ñ @i   ` }u � Ui puq} ¤

1

k � 1
.

For the quantitative version of the conditions on the sequence

pλnqn we assume the existence of monotone function µ, ν and ξ
satisfying:

1. @k P N@n ¥ µpkq pλn ¤
1

k�1
q;

2. @k P N
� νpkq°

i�0

λi ¥ k
�
;

3. @k P N@n P N
� ξpkq�n°
i�ξpkq�1

|λi � λi�`| ¤
1

k�1

�
.
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The quantitative version of Bauschke's theorem:

Theorem (Quantitative Bauschke, general pλnq)

Under the previous conditions and with the functions as before we

have, for any k P N and monotone function f : NÑ N,

DN ¤ φb,τ,µ,ν,ξpk , f q @i , j P rN, f pNqs p}xi � xj} ¤
1

k � 1
q.

Since for pλnq �s0, 1r, we have
°
λn � 8 is equivalent to±

p1� λnq � 0, it was also possible to obtain a similar bound that

uses a rate of convergence ν 1 : NÑ N for p
±n

i�0p1� λi qq towards
zero, instead of ν.

In particular, by making ` � 1, we obtain a quantitative version of

Wittmann's theorem.

(See also Daniel Körnlein's PhD thesis where he analyzed a

generalization of this result due to Yamada.)
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Proximal point algorithm

A multi-valued function A : X Ñ 2X is said to be monotone if

@x , x 1 P X@y P Apxq, y 1 P Apx 1q, xx � x 1, y � y 1y ¥ 0.

A monotone operator is maximally monotone if its graph is not

strictly contained in the graph of any monotone operator. Let

zerpAq :� tx P X : 0 P Apxqu denote the set of zeros of A.

One major question: How to �nd a zero of A?

For each β ¡ 0, the single-valued resolvent function

Jβ � pId � βAq�1 is nonexpansive and

FixpJβq � zerpAq.
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Variants of PPA

(PPA) xn�1 :� Jβnpxnq

�en

(Rockafellar) The iteration (PPA) is weakly convergent;

(Güller) However, (PPA) in general does not converge strongly;

Variations of (PPA) to try unsure strong convergence:

(HPPA) xn�1 :� λnx0 � p1� λnqJβnpxnq

�en

(mPPA) xn�1 :� λnu � γnxn � δnJβnpxnq

�en

where pβnq � R�, x0, u P X , pλnq, pγnq, pδnq �s0, 1r and, in
(mPPA), for all n P N, λn � γn � δn � 1.
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Variants of PPA

(PPA) xn�1 :� Jβnpxnq�en

(Rockafellar) The iteration (PPA) is weakly convergent;
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Projection argument again

In our treatment of the projection, the boundedness of the set C
was crucial.

If, instead of C being bounded, we know F � FixpJβq to be a

nonempty set, we can still get a simpli�ed treatment of the

projection.

Let N ¥ }u0 � z} � }u0} for some z P F . Then the original

projection argument is equivalent to the one restricted to

F X BNp0q:

Dx P F X BNp0q @y P F X BNp0q p}u0 � x} ¤ }u0 � y}q
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HPPA

(HPPA) xn�1 :� λnx0 � p1� λnqJβnpxnq � en

(C1) limλn � 0;

(C2)
°
λn � 8;

(C3) lim |λn�1�λn|
λ2n

� 0;

(C4) limβn � β, for some β ¡ 0;

(C5)
°
}en}   8.

Theorem (Boikanyo-Moro³anu, 2011)

Consider a sequence pxnq de�ned by (HPPA) and satisfying

(C1)-(C5). Then pxnq converges strongly to a zero of A.

In the proof, the convergence of pxnq is reduced to that of a

sequence punq � an iteration in the �style of Browder�.
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HPPA: quantitative

(Q1) @k P N@n ¥ µpkq pλn ¤
1

k�1
q;

(Q2) @k P N

�
νpkq°
i�0

λi ¥ k

�
;

(Q3) @k P N@n ¥ ξpkq
�
|λn�1�λn|

λ2n
¤ 1

k�1

	
;

(Q4) @k P N@n ¥ Bpkqp|βn � β| ¤ 1
k�1

q;

(Q5) @k , n P N

�
Epkq�n°

i�Epkq�1

}ei} ¤
1

k�1

�
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We computed a function Θ for:

Theorem (Leu³tean-Pinto)

Consider pxnq de�ned by (HPPA), β a real number and monotone

functions µ, ν, ξ, B and E satisfying respectively (Q1)-(Q5).

Let b P N be such that β ¥ 1
b�1

.

Consider punq be the sequence of the �xed points for the strict

contractions Tnpxq :� λnx0 � p1� λnqJβpxq and assume punq to be

a Cauchy sequence with a bound on its metastable property given

by a (monotone) function Φ : N� NN Ñ N. Then, for all k P N
and function f : NÑ N there is N ¤ Θrµ, ν, ξ,B,E , b,Φspk , f q s.t.

@i , j P rN, f pNqs

�
}xi � xj} ¤

1

k � 1



.
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mPPA

(mPPA) xn�1 :� λnu � γnxn � δnJβnpxnq � en

(C1) limλn � 0;

(C2)
°
λn � 8;

(C3) 0   lim inf γn ¤ lim sup γn   1;

(C4) βn ¥ β, for some β ¡ 0;

(C5) limβn�1 � βn � 0

(C6)
°
}en}   8.

Theorem (Yao-Noor, 2008)

Consider a sequence pxnq de�ned by (mPPA) and satisfying

(C1)-(C6). Then pxnq converges strongly to a zero of A.

In the proof, a certain lim sup plays an essential role.
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Limit superior

We want to avoid lim sup:

Lemma

Consider panq be a sequence of real numbers and let N P N be such

that, for all n P N, 0 ¤ an ¤ N. Then, for all k P N, there is a

natural number p   Npk � 1q satisfying

@n P NDm ¥ n

�
xm ¥

p

k � 1



^ Dn1 P N@m1 ¥ n1

�
xm1 ¤

p � 1

k � 1



These rational approximations were enough for the quantitative

analysis.

(See also Kohlenbach and Sipo³ �The �nitary content of sunny

nonexpansive retractions�)
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mPPA: quantitative

(Q1) @k P N@n ¥ µpkq pλn ¤
1

k�1
q;

(Q2) @k P N

�
νpkq°
i�0

λi ¥ k

�
;

(Q3) @n P Np 1
a�1

¤ γn ¤ 1� 1
a�1

q;

(Q4) @n P Npβn ¥ 1
b�1

q;

(Q5) @k P N@n ¥ Bpkqp|βn�1 � βn| ¤
1

k�1
q;

(Q6) @k , n P N

�
Epkq�n°

i�Epkq�1

}ei} ¤
1

k�1

�
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We computed a function Θ for:

Theorem (Dinis-Pinto)

Consider pxnq de�ned by (mPPA), a, b P N and monotone functions

µ, ν, B and E satisfying pQ1q � pQ6q. Then, for all k P N and

function f : NÑ N there is N ¤ Θra, b, µ, ν,B,E spk , f q s.t.

@i , j P rN, f pNqs

�
}xi � xj} ¤

1

k � 1



.

Thank you!
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