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This paper arose out of the realization of the second author that some notions of
the theory of abstract elementary classes can be used to generalize a result of Shelah
[?, 1.2] concerning the existence of universal reduced torsion-free abelian groups with
respect to pure embeddings. The contribution of the first author was limited to helping
him expand and extend the results to theories of modules.

We show that certain classes of modules have universal models with respect to pure
embeddings.

Theorem 1. Let R be a ring, T a first-order theory with an infinite model extend-
ing the theory of R-modules and KT = (Mod(T ),≤pp) (where ≤pp stands for pure
submodule). Assume KT has joint embedding and amalgamation.

If λ|T | = λ or ∀µ < λ(µ|T | < λ), then KT has a universal model of cardinality λ.

We begin the study of limit models for classes of R-modules with joint embedding
and amalgamation. As a by-product of this study, we characterize limit models of
countable cofinality in the class of torsion-free abelian groups with pure embeddings,
answering Question 4.25 of [?].

Theorem 2. If G is a (λ, ω)-limit model in the class of torsion-free abelian groups

with pure embeddings, then G ∼= Q(λ) ⊕
∏
p Z
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