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Let T be any recursively axiomatized consistent extension of Peano arithmetic. In
his famous paper, Gödel showed that the consistency statement ConT ≡ ∃x(Fml(x) ∧
PrT (x)) cannot be proved in T . In the second volume of Grundlagen der Mathematik,
Hilbert and Bernays proposed a set of conditions for provability predicates which is
sufficient for a version of the second incompleteness theorem. That is, if PrT (x) is a Σ1

provability predicate satisfying their conditions, then Con0
T ≡ ∀x(Fml(x) ∧ PrT (x) →

¬PrT (¬x)) cannot be proved in T . Löb [4] found another set of conditions, and proved
the so-called Löb’s theorem under his conditions. Löb’s theorem immediately implies
that Con1

T ≡ PrT (⌜0 ̸= 0⌝) cannot be proved in T . Notice that for provability predi-
cates, Con0

T implies Con1
T , and Con1

T implies ConT .
Related to derivability conditions and the second incompleteness theorem, we proved

the following results.

1. There are new sets of derivability conditions which are sufficient for unprovability
of Con0

T .
2. If a Σ1 provability predicate PrT (x) satisfies the following condition BU

2 , then
PrT (x) satisfies provable Σ1-completeness.

BU
2 : If T ⊢ φ(x⃗) → ψ(x⃗), then T ⊢ PrT (⌜φ(⃗̇x)⌝) → PrT (⌜ψ(⃗̇x)⌝)

This is an improvement of Buchholz’s observation [1].
3. Hilbert and Bernays’s conditions and Löb’s conditions are mutually incompara-

ble.
4. Both of Hilbert and Bernays’ conditions and the global versions of Löb’s condi-

tions are not sufficient for T ⊬ ConT . This shows that both of Hilbert-Bernays’
conditions and Löb’s conditions do not accomplish Gödel’s original statement of
the second incompleteness theorem.
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