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As for cut elimination (see [3] p. 93), we say that the subterm property holds for a

sequent calculus S if there is a “non-trivial” algorithm for transforming a derivation in
S of a sequent S into a derivation of S in the same system, that contains only terms
occurring in S. We show that the subterm property holds for the following purely
equality calculi based on the structural rules:

1. *EQy (N for “natural”), which has the reflexivity axioms = ¢ = ¢ and the
multiple congruence rule

I'=r =39 I'=17,=s5n I'= Floi/r1,...,0n/T0]
I'= Flvi/s1,...,Un/8n]
2. *EQpg (B for “Birkhoff”), which has the reflexivity axioms and the rules:
I'=sr=s I'=sr=s I'=>s=t
I'=ss=r I'=sr=t
I'=ri=s I'=r, =sn
L, Plui/r1,...,0n/rn] = Plvi/s1,...,0n/8n]
I'=ri =3 I'=r,=sn
L= tvi/r1,...,vn/rn] = tv1/s1,...,0n/8n]
3. * EQ, which has the reflexivity axioms and the rules
I'= Flvi/ri,...,0n/Tx]
1 =S81,...,"n = 8n, ' = Fv1/s1,...,Un/8n]
I'= Flui/r1,...,0n/T0]
S1="T1,...,80 = Tpn, ' = Flv1/s1,...,0n/8n]

where I is a finite multiset of formulae, F' is a formula, P is an atomic formula different
from an equality, r,s, t, the ;’s and s;’s are terms and the v;’s are variable of a first

order language and E[v;/t1,... ,v;/ts] is used to denote the result of the simultaneous
replacement of the free variables v1,... ,v, by the terms t1,... ,%, in the formula or
term .

Moreover, for * EQ, and *EQjg cut elimination and the subterm property hold
simultaneously, namely a derivation in any of such systems of a sequent S can be
transformed into a cut-free derivation of S in the same system, containing only terms
occurring in S. Although cut elimination holds also for * EQ, it does not hold simul-
taneously with the subterm property.
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